ON THE HOMOLOGY THEORY OF THE CLOSED GEODESIC 

PROBLEM 



SAMSON SANEBLIDZE 



Abstract. Let AX be the free loop space on a simply connected finite CW- 
complex X and /3i (AX ; k) be the cardinality of a minimal generating set of 
i?'(AX; k) for k to be a commutative ring with unit. The sequence /3i(AX; k) 
grows unbounded if and only if H*{X\ k) requires at least two algebra genera- 
tors. This in particular answers to a long standing problem whether a simply 
connected closed smooth manifold has infinitely many geometrically distinct 
closed geodesies in any Riemannian metric. 



1. Introduction 

Let y be a topological space, let k be a commutative ring with unit, and assume 
that the i*''-cohomology group i7'(y;k) of Y is finitely generated as a k-module. 
We refer to the cardinality of a minimal generating set of H^{Y\h), denoted by 
/3i(F;k), as the generalized i^^-Betti number of Y. Let AX denote the free loop 
space, i.e., all continuous maps from the circle into X. In 5J GromoU and Meyer 
proved the following 

Theorem. Let X be a simply connected closed smooth manifold of dimension 
greater than 1 and let k &e a field of characteristic zero. If the Betti numbers 
/3i(AX;k) grow unbounded, then X has infinitely many geometrically distinct closed 
geodesies in any Riemannian metric. 

In fact, the proof of the theorem easily shows that the statement remains to be 
true for the Betti numbers /3i(AX;k) with respect to any field k, too. Thus, this 
result has motivated a question, the 'closed geodesic problem', to find simple criteria 
which imply that the Betti numbers Pi{AX\ k) are unbounded. Below we state such 
criteria in its most general form in the following 

Theorem 1. Let X be a simply connected space and k a commutative ring with 
unit. If 77*(X;k) is finitely generated as a k-module and H*{AX]'k) has finite 
type, then the generalized Betti numbers Pi{AX;k) grow unbounded if and only if 
H*{X;h) requires at least two algebra generators. 

Theorem [1] was proved by Sullivan and Vigue-Poirrier |20j over fields of charac- 
teristic zero, and then it was conjectured for k to be a field of positive characteristic. 
A number of papers [22], [19], [11], [12], [13], [15], [6], [14| deals with this conjecture 
but it remained to be open for X to be a finite CIF-complex and k a finite field. 

Here we prove Theorem [T] More precisely, it is a consequence of the following 
more general algebraic fact: Let A = {A'}, i e Z, be a torsion free graded abelian 
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group such that A is an associative Hirsch algebra and the bar construction BA 
is a Hirsch algebra jl6] ; this in particular means that A is an (associative) graded 
differential algebra (dga) endowed with higher order operations E = {Ep g} and 
E' = {E'p, ^, } such that E induces an associative product fiE the bar construction 
BA converting it into a dg Hopf algebra, and, similarly, E' induces a product 
fiE' (not necessarily associative) on the double bar construction B^A. (A major 
component of E' is a binary product E[ ^ on A measuring the non-commutativity 
of the operation -Ei^i ; note that in the topological setting of A such a binary product 
is just provided by Steenrod's cochain ^2-product.) Below the algebra A is referred 
to as a special Hirsch algebra. Let At = A ®z k- 

We have the following theorem whose proof appears in Section [S] 

Theorem 2. Assume that H*{Aji) is finitely generated as a h-module and that the 
Hochschild homology HH^{Aj^) has finite type. Let <;i(Ak) denote the cardinality of 
a minimal generating set of HHi{A\). Then the integers q(Aic) grow unbounded if 
and only if H*{At_) requires at least two algebra generators. 

Let C*{X;k) = C*(Sing^ X;k)/C>°(Sing x ; k) in which Sing^X C SingX is the 
Eilenberg 1-subcomplex generated by the singular simplices that send the 1-skeleton 
of the standard n-simplex A" to the base point x of X. Theorem [T] is deduced from 
Theorem [5] by setting A^ — C*{X;k.): Indeed, C*{X;'k) is a special Hirsch algebra 
([2], [9]) and there is the isomorphism HH4C*{X;k)) « H*{AX;k) ([7], [18]). 
When H*{At) requires at least two algebra generators, we construct two infinite 
sequences in the Hochschild homology HH^{A\) and take all possible products 
of their components to detect a submodule of HH^,{Ak) at least as large as the 
polynomial algebra k[a;, j/]. The construction of these sequences is in fact based on 
the notion of a formal oo-implication sequence |17| that generalizes W. Browder's 
notion of oo-implications [3]. As in [17], we use a filtered Hirsch model of A^ this 
time to construct a small model for the Hochschild chain complex of At and then to 
reduce the chain product [18] on this model inducing the aforementioned product 
on HH^{A\). While the constructions of the sequences in our both papers are 
similar, here is an essential exception that we have to detect a desired sequence in 
the kernel of the canonical homomorphism HH^,{Ai^) — >■ H*{BAk) (corresponding 
to i* : H*{AX; k) H*{VtX; k) for i : VLX ^ AX); also some technical details are 
simplified. 

Though the author has been considered several special cases of Theorem[T] during 
the last two decades but it was just recently the integer coefficients come into play: 
In particular, the filtered Hirsch model over the integers controls the subtleties 
when dealing with the Bockstein homomorphism in question. 

I am grateful to Edward Fadell for discussing about the subject and in partic- 
ular for pointing out the paper [20] when the author was visiting the Heidelberg 
University at the beginning of 90's. 

2. Some preliminaries and conventions 

We adopt some basic notations and terminology of |l6j. We fix a ground com- 
mutative ring k with unit and let > denote the smallest integer such that 
/iK = for all K G k. When such a positive integer does not exist, we assume pL — Q. 
Let A* = A © k be a supplemented dga. In general A* may be graded over the 
integers Z. Assuming A to be associative, the (reduced) bar construction BA is 



ON THE HOMOLOGY THEORY OF THE CLOSED GEODESIC PROBLEM 



3 



the tensor coalgebra T{A), A = s ^A, with differential dsA — di + d2 given for 
[ai|---|an] eT"(i) by 

di[ai\ ■ ■ ■ \an] = - ^ [ai| •■• |c;A(ai)| ••• la„] 

l<i<n 

and 

d2[ai\ ■ ■ ■ \dn] = - ^ (-1)'' [ail • • • \ala~p[\ ■ ■ ■ |a„], 

l<'i<n 

where ef = jxij + • ■ • + |a;,:| + i. An associative dga A equipped with multiUncar 
maps E = {£'p,q}p+,>o, 

Ep^g : A'^P ® ^ A, E,^o = Id = Eo,i, Sp>i^o = = Eo,,>i, 

of degree 1 — p — q is a Hirsch algebra if E lifts to a dg coalgebra map fiE ■ 
BA (g) BA — > BA. A basic ingredient of E is the binary operation ^i:= 
measuring the non-commutativity of the • product on A by the formula 

d[a b)~da^ib+ {~lpa db = {-Ipab - (-l)l°l(l^l+i)6a. 

Given a Hirsch algebra {A,{Ep^q}) with H — H{A), there is its filtered Hirsch 
model 

(2.1) f:{RH,dh)^{A,dA) 

in which p : {RH, d) — > is a multiplicative resolution of the commutative graded 
algebra (cga) : As a module each row of R*H* for to G Z 

— ^ R '^H^^^ — ?• R^^ — ^ R^ H^^^ i?^^ 

represents a free resolution of a k-modulc As an algebra R*H* = T{V*'*) is a 
(bi)graded tensor algebra with 

the module — M'^'* corresponds to a choice of multiplicative generators of 
while M.^^'* to relations among them which is not a consequence of that of 
the commutativity of the algebra i/, and then A^"*"-* for r > 2 is defined by the 
syzygies. The module £<°'* just corresponds to the commutativity relation in H 
and is formed by the products under all operations Ep^q on RH. In particular, 

where £^^ * is formed by the products a -i b for a,b E R^H*, while A^^^'* ^ 
for iJ to be a non-free cga (e.g. d\mH* < oo and H""^ ^ 0; see (I4.13p - ()4.15p 
below). The module T is determined by the U2-product that measures the non- 
commutativity of the ^i-product, so that its first non-trivial component T'^'^'* 
contains the products aU2 6 for a, 6 G V^'* . More precisely, {RH, d) is also endowed 
with Steenrod's type binary operation, denoted by ^2 , so that the (minimal) Hirsch 
resolution {RH, d) can be viewed as a special Hirsch algebra with E = {Ep q} and E' 
consisting of a single operation ^2'= E'n. In particular, the relationship between 
a U2 and a ■—-2 b for a, 6 G V with da, db G V, where V is a basis of V, is given by 

a ^ ^ _ f a U2 6, a =i b, 
^ 2a U2 a, a — b; 
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thus d(a U2 a) = a a for a to be of even degree, (a U2 a = for an odd 
dimensional a G RH.) Regarding the differential dh on RH, we have 

dh^d + h, h:^h^ + --- + h'' + -- - , r : RPR" RP+'H''-''+\ 

Given r > 2, the map h^\fj-rH : R^^H R^H is referred to as the transgres- 
sive component of h and is denoted by h*^. The perturbation h is extended as a 
derivation on £ so that h*-'^{8) — 0. 

Furthermore, if A is also a special Hirsch algebra in (|2.ip . we can simply choose 
/i and / such that 

(2.2) /i*''(a U2 6) for a^h in V. 

Just to achieve this equality in (RH^dh), we have in fact evoked the product fi^' 
on B'^A (cf. [ini Proposition 4]). 

A Hirsch resolution {RH, d) is minimal if 

e 5 + P + for wGf/ 

where V*'* C denotes the submodule of decomposables RH^ ■ RH^ and 

K„ G k is non-invertible; for example, k„gZ\{ — 1,1} when k = Z and k„ = for 
all u when k is a field. 

In the sequel A denotes a torsion free special Hirsch Z- algebra, while A^ = A®z^ 
and iJij = _ff (Ajj). Assume d) is minimal and let RH^ ~ RH(E)zk; in particular, 
RHk = r(Vk) for Vk = y (giz k. When k is a field of characteristic zero, = if eg) k 
and pk = p (g) 1 : -R-ffk ^^k is a Hirsch resolution of H^, which is not minimal 
when ToriJ ^ 0. Assuming A is Z-algebra in (|2.ip we obtain a Hirsch model of 
{At,dAj as 

/k - / ® 1 : (i?i/k, 4 «) 1) ^ (^k, cZaJ. 

2.1. Small Hirsch resolution. In practice it is convenient to reduce the Hirsch 
resolution RH at the cost of the module £. Here we define such a small resolution 
Rt-H (compare with R^H in [16]). Namely, let 

RrH = RH / Jt 

where Jt C RH is a Hirsch ideal generated by 

{Ep^q{ai,...,ap\ap+i,...,ap+q), d£;i,2(ai; 02, 03), di;2,i(ai: ^2; as), a U2 fe, d(a U2 b) 

|(p,g)^(l,l), a,feGV, 

where G RH unless i = p + q for p > 2 and g = 1 in which case flp+i G V. Since 
d : Jr —?' Jt, we get a Hirsch algebra surjection gr : {RH,d)-^{RrH,d) so that a 
resolution map p : RH — > factors as 

p : {RH, d) {RrH, d) ^ iJ. 

By definition we have h : £ ^ £; this fact together with (|2.2I) implies h : Jr ^ Jt- 
Thus extends to a quasi-isomorphism of Hirsch algebras 

gr : (i?ff,dh) ^ {RrH,dh). 

We have that the Hirsch algebra structure of {RrH,dh) is given by the ^1- 
product satisfying the following two formulas. The (left) Hirsch formula: For 
a, 6, c G RrH, 

(2.3) c^iab^ (c --1 a)h + (-l)(l"l+i)l"la(c —1 h) 



ON THE HOMOLOGY THEORY OF THE CLOSED GEODESIC PROBLEM 



5 



and the (right) generahzed Hirsch formula: For a,b £ RrH and c £ with 

( a{b^ic) + {~iy^{a^ic)b, q = l, 



a{b^ic) + {-lY^{a-^ic)b 



4+1 



(2.4) ab-^ic 

- J2 {-ly^ ci ■ ■ ■ Ci-i{a ^1 Ci)ci-i 

l<i<j<q 

• • •Cj_i(6 —-i Cj)cj+i • • -Cg, q>2, 

£i = |&|(|c| + l), £2 = (|a| + l)(eti+* + l) + (|fe| + l)(e5_i+j + l). 

Remark 1. 1. Formula <\2.4\) can be thought of as a generalization of Adams' 
formula for the -—^i-product in the cobar construction [U p. 36] from q ~ 2 to any 
q>2. 

2. We just pass from RH to RrH to have formulas l\2.3\i - ^K4^ therein; more 
precisely, we use them together with the commutativity of a -—^i b for a,b E Vr to 
build the sequence given by (RT5| below. 



2.2. Cohomology operation Vi. Let /z > 2. Given an element a G At and the 
integer n > 2, take (the right most) n'^'-power of a G A^ C BA^ under the he 
product on BA^ and then consider its component in A^. Denote this component 
by s-i(a'*'") for a"" £ A^. The element a"" has the form 



Qri(a), 



where Q„(a) is expressed in terms of Eij; for 1 < fc < n so that Q2(fl) = 0, 
i.e., a*^ — a""i^. In particular, if Ei^k = for fc > 2 (e.g. At is a homotopy 
Gerstenhaber algebra (HGA)), then a'*'" = a^i". 

Let p > 2 be the smallest prime that divides /i. Define the cohomology operation 
■pi on iJk as follows. 

For p odd: 



for p 



2m-l 



P 



da = Q, a gA^ 



Since a -^i a is a cocycle in At for an even dimensional cocycle a independently 
on the parity of p, we also set Pi [a] = [a a] for p odd and /i > 0; obviously, 
Vi[a] = 0. Let p^™' denote the m-fold composition Pi o • • • o Given x G Ht, let 
> be the smallest integer such that V^~^^\x) = 0. The integer v is referred to 
as ^i-height of x. 

3. SMALL MODEL FOR THE HOCHSCHILD CHAIN COMPLEX 

Given an associative dga C, its (normalized) Hochschild chain complex AC is 
C eg) BC with differential dAc defined by dAc = dc <E) 1 + 1 <E) dsc + 0^+0'^, where 

e^{u®[ai\---\an]) = -(-l)l"luai ^ [aal ■•• |a„], 

9^{u [ail • • • |a„]) = (-l)(l""l+i)(H+<-i)a„y ^ [^^j . . . 

The homology of AC is called the Hochschild homology of C and is denoted by 
HH^C). 
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Let C = T(T4) be a tensor algebra with a free k-module. Denote 

^k-s-i(y>")ek. 

Then AC can be replaced by the small complex [C ®Vt,di^) where the differential 
is defined as follows (cf. [21], [8]): 

d^{u (g) a) = (u) (g) a - (-l)l"l(l (g s"^)x(u ® d^ia)) 

_ (-l)l«l+l"l(Ma - (-l)l°ll"lau) (g 1, 

in which 

is a map given for u g) a £ C (g) C with a = ai ■ • • a„, at G Vk, by 

0, a=l, 
u® a, n = 1, 

(-l)''ai+i • • • a„ Mfli • • • ai_i g) Oi, n > 2, 

l<i<rt 

£ = (|ai+i| H h |an|)(lw| + |ai| H h |aj|). 

There is a chain map 
(3.1) <^ : (AC, dAc) -> (C g) Fk, d..) 

defined for u g) x e AC by 

{u g) 1, 2; = [ ], 

(-l)l"l(l g)s"i)x(ug'a), a;=[a], 
0, x = [ail • • • Ia„], n > 2, 

and is a homology isomorphism. 

For C = i?i?ik, define the differential dh on 14 by the restriction of dh to Vi to 
obtain the cochain complex (VkjC^h). There are the sequences of maps 



Xiu g) a) 



and 



R^H g. (K)k ^ A(i?,iJO A{RHi,) ^ AAk 



subjected to the following proposition 

Proposition 1. There are isomorphisms of ^-modules 

H*{BAt,d^ 



H*{RrH®{Vr)u,d^) ^ i?*(A(i?.iJO,d.,.,„,,) H*{A{RHu),d,^,„J 

^i/*(AA,d,J. 

Note that the isomorphism ip* above is a consequence of a general fact about 
tensor algebras [4]. Recall also the following isomorphisms H*{BC*{X;k),dg^) w 
H*{nX;k) ([2]) and H*{AC*{X;k),d^c) ~ H*{AX;k) ([7], [18]) to deduce the 
following proposition for At — C*{X;k). 
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Proposition 2. There are isomorphisms ofh-modules 
and 

H*{RrH {Vr)k,d^) ^ H*{AC*{X;k),d^^) ^ H*{AX;k). 
In the sequel by abusing the notations we will denote RrH again by RH. 

3.1. Product on the small model of the Hochschild chain complex. Let 

RH = T{V) be the (small) Hirsch resolution with only ^i-product. First, define 
a product on V for a, 6 G y by 

ab — a ^1 b with al = la = a. 

Next define a product on RH eg) F for u (g) a, w 6 G RH (E> V with d^a = ^ aia2 
mod y, dfib = J2 ^1^2 mod V and 02, 6i G V, ai, 62 G ^-ff by 

{u(g)a){v (g)b) = {-ly^uv (X) a ^1 6 + u(a ^1 w) ® 6 + (-l)'^^(-u ^1 6)w d 

+ (-l)'^(u-i &)(a-iw)®l 

-^(-l)'''u(ai -iw) «)a2 -1 b + (-1)''(m --i6)(ai -iw) ® aa 
-162)1; ®a-i6i + (-l)'V ^i62)(a -iw)«)6i, 

ei - (|a| + l)|w|, 64 = |ai||6| + (|a2| + l)\v\, 

62 = \a\i\v\ + \b\ + 1) + \v\\bl 65 = |a2|(|i;| + 1) + (|a| + |i;|)|6|, 

63 - (|a| + \v\){\b\ + 1), 66 = (|a| + \b2\){\v\ + 1) + (|a| + |5il)|&2|, 

6r = (|a| + |t-|)(|62| + l) + (|6i| + l)|&2|, 

and 

(m ® l)(u (g) 1) = uv^l 

{u®l){v(E)b) = uu®6 + (-l)(l^'l+i)(l''l+i)(u-i 6)w«)l, 
(w a)(z; 1) = (-l)(l''l+i)l^luw ® a + M(a -1 u) ® 1. 

Formulas p.3p - (l2.4p guarantee that such defined products satisfy the Leibniz rule, 
and we obtain a short sequence of dg algebras 

(3.2) Vk^RH^Vt,^ i?iJk 

with t and tt the standard inclusion and projection respectively. 

Remark 2. 1. The dga {RH (E> Vk,di^) can be thought of as a non- commutative 
version of the cdga {A*{X) H*{nX;Q),d) modeling AX [20]. 

2. Taking into account the product on the Hochschild chain complex AA of A ~ 
C*{X; k) defined in [18 one can show that the map (j) given by \S.1\ is multiplicative 
up to homotopy; thus the sequence given by ^3.'^ provides a small multiplicative 
model of the free loop fibration. 

4. Canonical sequences in RH ® V 

Motivated by the notion of a formal 00-implication sequence [17] here we con- 
struct certain sequences in the dga {RH® V, d^) used in the proof of Theorem 2. 
First, we consider a more general situation. 
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4.1. The sequence in {C,d^). Let {C*,d^.) be a cochain complex of torsion 
free abelian groups and let 

be the standard map. Let x S C be a mod^ cocycle, i.e., d^^{ttx) — 0. Consider 
for X the following two conditions: 

(4.1) [a;] ^ in i/(C) for dp a; 0; 

(4.2) If [tkx] = G H{Ck), i.e., there is a relation d^a — x + Xa' , a, a' G C, then 

{tj^a') = for A to be the greatest integer divisible by /i. 

Obviously, for x with d^x = condition (|4.2p follows from (|4.ip . In any case for a' 
from (|42)) we have that [4a'] ^ in H{Ck). 

Let X = {x{n)}„>o be a sequence in C* with |a;(fc)| |a;(^)| for k £ and let 
a;(n) satisfy (|4.ip - (|4.2p for all n in which case we also say that x satisfies (I4.ip - (|4.2p . 
Define the associated sequence x^ — {a;^(n)}„>o in C as follows: Given n > 0, let 

a'n, [tkx{n)] = 0, 
x{n), [tux{n)] ^ 0, 



Xf_,{n) 



where a'^ is resolved from (|4.2p for x — x{n). Obviously, [tiXf^{n)] 7^ in H{Ck) for 
all n. 

A pair of sequences (x,y') — {{x{i)}i>o , {y'{i)}i>o) satisfying (|4.ip ~ (|4.2p is said 
to be admissible, if aix{i) + a2y'{j) also satisfies ()4.ip - (|4.2p whenever \x{i)\ — 
\y'{j)\i oti,ot2 G Z. Then obtain the sequence = {yn{j)}j>o from an admissible 
pair (x,y') as follows. Given j > 0, set 



(4.3) y^U) = 



a'j, [tt {aix{i) + Q!2j/'(j))] = 0, 
y^,(j): otherwise, 

where a'j is resolved from (|4.2p for x — aix(i) + a2y'{j)] in particular, the pair 
{[ttx^{i)] , [ik2//i(j)]) is linearly independent in H{Ck)- 

4.2. Sequences in {RH eg) V,duj)- Let Vt C RH be a subset defined by 

Vt = {u + fiv\ueV,v eV}. 

An element x £ V with d^x G P + AV, A 7^ 1, is \- homologous to zero if there are 
u, w G y and c E V such that 

d/iU ^ X + c + Xv. 

X is weakly homologous to zero if u = above. We have the following statement 
(cf. dll): 

Proposition 3. Let v E V and d^v G V. If d^v has a summand component V1V2 G 
2? such that vi,V2 G V, dhVi,dhV2 G 2?, &oi/i ui anii are not weakly homologous 
to zero, then v is also not weakly homologous to zero. 

Note also that under the hypotheses of the proposition if [vi], [V2] 7^ 0, then 
[v] 7^ in H*{V, dh); for example, for RH = VlBH^ (the cobar-bar construction of 
Ht) with V = BHji and k a field, the proposition reflects the obvious fact that an 
element x G H*{BHk) is non-zero whenever some x' Cg) a;" 7^ in Ax = ^ x' ® x" 
for the coproduct A : BH^ — > BHt (g) BHt- 
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Let 

X,:RH^RH®V 

be a map defined for a G RH by Xi (a) ® [a]): where (j) is given by (I3.ip . and 

define two subsets 2?, C as 

2? {a e 2?k I Xi (a) = 0} and 23^ = {a £ 2?^ | Xi (a) = mod /^} 

(e.g. V contains the expressions of the form ab — (— l)(l"l+i)(l''l+i)6a and also of 
the form with |y| odd and A even, while Dju contains with \y\ even and A 
divisible by ^ > 2). Given a £ RH, obviously dha £ V implies Xi('^) £ Kerd^j, 
while dha G implies d^Xil*^) — mod ^. 
The following statement is also simple. 

Proposition 4. Given a £ RH, let dha £ V. If a = V1V2 + c such that c does not 
contain iv2Vi as a summand component and V1V2 does not occur as a summand 
component of dhw for any w £ RH unless w £ £ or dhW has a summand component 
from V, too, then [xi (a)] ^ in H{RH ® V , dui). 

For vi = 1, V2 £ V and c = 0, taking into account p.2p the proposition in 
particular implies that if W2 is not A- homologous to zero, then [Xi('^2)] = [1<8'W2] 7^ 
in H{RH (g)V,d^). 

By the universal coefficient theorem we have an isomorphism 

« k ror(i2"+i, k) H^^, H^^,. 

Given /i > 2, define a subset Kf^ C V^^'* as 

Kf,^ {a£ n-V-^^* \da = Xb^O,b£ R"H*, fi divides X, 1 < n < fi} 
(i.e., n = 1 for /i to be a prime) and let 

Let Tit C i2ik denote a (minimal) set of multiplicative generators. Given x £ Hk, 
let a:o be its representative in RH with [ttxo] = x; in particular, £ R^H* for 
X £ Ht^o, while xq £ V"'* or xq £ when x £ "Ht^o or x £ Ht^i respectively; given 
X £ Ht^i and y £ Ht^ with dxQ — Xyo and A divisible by fi, we also denote such a 
connection between x and y as 

= y, 

where is the Bockstein cohomology homomorphism associated with the sequence 
^ — > — s> — > and is simply denoted by /3. 
On the other hand, if 

a : H*{At) -> H*-\BAt), [a] ^ [d] 

is the cohomology suspension map, x £ Kera is equivalent to say that xq is A- 
homologous to zero in {RH,dh)- 

Let Ok £ R^H he a. subset given by 

Ok = {b£ R"H \da = eb for a £ V'^'* and 6 £ Z is prime with fj.} . 

Obviously pk{Ok) = and let Ok C RH be a Hirsch ideal generated by Ok- In 
the sequel we consider the quotient Hirsch algebra RH /Ok which by abusing the 
notations we will again denote by RH. 
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Given w G RH, let dhW admit a decomposition 
(4.4) dhW^Wi+W2, wi e Vk, W2 ^ P{zi, Zg] 



e Vk for Zi <i < q. 



Given n > and assuming w to be odd dimensional, define an indecomposable 
element x'{n) 6 RH as 



x'{n) : 




'1 Zu, + 7u 



W2 = 0, 
^0, 



'1 ^1 



where Z„ 



z\ 



'1 Zq + 7ii,, w;2 7^ 0, is even, /i = 0, 



with the convention that the 



1 + 1-1) ^ /„"<j + l- 

^1 ■ • • ^1 Zq" 

(p^J+^-l) 

component Zj"'^ is eliminated whenever [zj\ = 'Pi{[zi\) for some \ < i < 

j while is defined so that d^x' {n) G namely, the existence of 7^, uses 



Hirsch formulas (I2.3I)-(I2.4I) and the fact that 



(and Zj 



'1 Zj for \zj I even 



and /X = 0) is mod /i cohomologous to zero for all j. 

Then w rises to the sequence x — {x{n)}^^yQ in RH V defined by 



(4.5) 



Thus d^x{n) — mod fi for all n. 

In the sequel we apply to (|4.5p for the following specific cases of w. First, given 
a; G Tik and its representative G C RH, the element w := xq obviously 
satisfies (|4.4p (with ^2 = 0); thus for x G H^"^, equality (|4.5p is specified as 



5(n) ^ (a;o^'^"+^^) 



Example 1. Let /i = 2 and a; G 'H^'^- When Vi{x) — 0, we have a relation in 
{RH,dh) 



dfiV = Xo ^1 Xo + 2xi with dxi — xi, xi &V , v ^'*. 



Therefore, x^{l) = 



1 Xo ^1 Xo, 'Pi{x) ^ 0, |x| is the smallest, 



1® Xl, 



ri{x)=0 



in RH®V. 



Furthermore, x G rises to the sequence {x„ G V}n>o in [RH, d) : 
ForxGHk,o (a^oeVO^*), 



(4.6) dxn 



E 



i-\-j—n — l 



2, pxl^O, 
1, otherwise. 



I, J are even. 



n > 1, 



with xi = —Xo —^1 xq when pxg ^ 0. 

For X G Hk,i with dxo = Axg (xo G Kf^), 



(4.7) dx„ = ^ 



Ax' 



dx' — 



i+j—n— 1 



n— 1 
ij>0 



n > 1. 



The element x„ is of odd degree in (|4.6p - (|4.7p for all n. The action of h on x„ in 
{RH,dh) is given by the following formula. Let Xi = j/i + ft.*''xi with yi = or 
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dyi = —Xh^^x'i for Xi in (|4.6p or ()4.7p respectively; for < ii < • • • < v < n, r > 2, 
denote also Xi^.....i^ — (—lYxi^ U2 • • • U2 i^. 

hXn — X^i ^ ^ ,...,v_i '^1 •^'ir •^zij-.-jv) ; 

ilH h«r+^'— ^i+1 

^ _ {2, X e Hkfi, pxl ^ 0, some {is,it)i<s.t<r is even, 

1^1, otherwise. 

Now given x S H^'^ and the smallest odd prime p that divides fi, recall the 
definition of the symmetric Massey product {x)p [10] for which we have the Kraines 
formula (see also [T6] ) 

(4.9) m{x)^-{xr. 

We also have the equality 

(4.10) Pi^h'^^ixp-i) = -{x)P. 

When 'Pi{x) G -ffk,o, we have f3Vi{x) = = (a;)^. Hence we obtain pij/i*'"(xj,_i) — 0, 
and, consequently, h^^Xp-i = 0. Then dxp-i £ 2?ik implies that the element 

(4.11) w = Xp-i 
satisfies (j44|) . 

4.3. Element zu G V associated with a relation in H^. Given any two mul- 
tiplicative generators a,b d H^^i with da^ = AoOq and dbo = Xbh^, a'o,b'Q G 
V'^'*, oo, bo e Kp, we have a relation in {RH, d) 

(4.12) du = aobo + Xu' with du' = -^a;,6o - (-l)'"' ^ao^f,, 

A A 

A = g. c. d.(Aa, Afc), u e V-""'*, u' e y-''*. 

Regarding the action of h in {RH, dh), we have /lu = {h? + /i'^)u and, in particular, 
the relation a6 = in is equivalent to the equalities h?u = and h^u = 
mod ji in (i?i/, d^). More generally, a relation of the form a6 + ci + C2 = in H^, 
where ci = Pi(ai, OgJ = X^r '^'•^i.r'^ ' ' ' ^p'ri^"^ "^ith a single ai_r G with 
rii r = 1 and the other aj,r G i?k,o for each r, and C2 = ^2(^1, &132) with 6^- G Ht^o 
for all j, yields that h?u G and ft-^w G Pt. If either a or b is from Hk,o, then 
to a6 = corresponds the equality given by a similar formula as (j4.12p but this 
time {u,u') G {V~'^'* ,V^^'*) with du' = — (— l)l°lao&o o'' = —^0^0 respectively. 
Since ao6o is mod ^ cohomologous to /lu, we have that for a given 1 < fc < any 
cocycle in 0Q<j<r R~^H is mod fj. cohomologous to a cocycle in 0o<i<fe R^H. 
In general, consider a (homogeneous) multiplicative relation in 

(4.13) P(yi,...,2/,) = 0, GHk 

which is not a consequence of the commutativity of the algebra (and also is not 
decomposable by any other relations). Obviously P{bi,...,bq) for bi — (jji)o G is 
a mod /i cohomologous to zero cocycle in {RH, dh). If P{bi,..., bq) G ®g<j<^ 
with r > 3, then, as above, there is a mod /i cohomologous to P{bi,...,bq) cocycle 
P' {zi, Zm) that lies in ®o<i<2 ^ '-^i ™ particular Zi G for all i, but each 
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monomial ol P'{zi, Zm) may contain at most two variables Zi from K^j,. So that 
we have one of the following equalities in {RH, dh) : 

rP(6i,..,6q), ueV-^'*, U^eUt.Q, l<i<q, 

(4.14) dhu = I P'(zi, Zm), u e V-^'\ 

[P'(zi,...,z„) + Au', {u,u') & {V---\V~-+^^*), r = 2,3. 

Note that d^u ^ (since du ^ I'k), unless each monomial of P{yi, ...,yq) is of 
the form ay-y^, ay ^ Z with A divisible by > 2 in which case d^u G Vk- In any 
case w := u obviously satisfies (|4.4p . For example, given y e 'Ht with dimi/k < cx), 
let /ly be the height of y with respect to the product on so that we have the 
relation P(y) ~ yf^v+'^ — Q and then (|4.14p becomes the form 

(4.15) 

where ?/q £ ® y^^'* is mod A cohomologous to j/g" G R^'^^H* in (i?i?, dh) (in 
particular, ?/q = yo for fty = 1; cf. (|4.7p ). 

Remark 3. Note that when both \y\ and ^ are odd, always Hy = I and we say that 
Iji4-15^ is a consequence of the commutativity of Ht- 

Now given (j4.13l) of the smallest degree and assuming Hq is either trivial or has 
a single algebra generator, we define an odd dimensional w £ V in the following 
three cases. In the case Hq ^ 0, denote a single multiplicative generator of infinite 
order of by 3 and let z = tXiS); thus z = 3 ® 1 G i?k,o- (Warning: z may not be a 
multiplicative generator of 77k-) 

(i) When P is even dimensional in (|4.13p , u is odd dimensional in (j4.14p and we 
set w = u. 

(ii) When P is odd dimensional in (|4.13p , u is even dimensional in (|4.14l) and we 
have to consider the following subcases. Suppose that the following expression 

(4.16) /3a(P(2;i,...,2/,))= ^ (-l)l'^il+-+l^--lp(2/i, /^^(y,), y,) 

\<i<q 

is formally (i.e., independently on _ffk) trivial. 

Let yi G 'Hk,o for all i, i.e., fixiyi) — and the corresponding relation of 
(|4.13p in [RH, dh) is given by the first equality of (|4.14p . Since either at most one yi 
may be equal to z for g > 2 or g = 1 and y\ = z with z G 'H.^'q for even, it is easy 
to see that there is c G ■ such that /3\{c), as a formal expression, is equal to 
P{yi,...,yg). (In the last case c = A^ Pi (z)z2"-i for P(z) = A^z^'^+i,™ > 1.) This 
situation answers to the following relations in {RH,dh). There is a pair {bc,Wc) 
with be € V, Wc 'E V such that 

d'Wc = —bc + Xu with dbc = XP{bi, ...,bq) 

where [tth^^Wc] — c and u is given by the first equality of (I4.14p . (In particular 
X = n and be = —Xz^{zo ^1 zo)zq™^^ when /i is even and P(z) = A^z^™"*"^ as 
above.) Therefore, if c = c (X) 1 with c E H, then c = ph^^Wc- Note also that c must 
be indecomposable in H since there is no relation in degrees < |P| in H^. When c is 
of finite order, there is a G -ffk.i with I3\{a) = c so that da^ = Xh^''wc- Furthermore, 
when itself a is linearly dependent on Vi{x) for some x G H^"^, i.e., ka = £Pi{x), 
k,i e'Z, we obtain ^c^ ~l {x)p since (14. 9p . Taking into account (|4.10p we have 
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that i^h^^Wc is mod /i cohomologous to ih^'^Xp^i, i.e., there is v ^ V with 



(4.17) 



) — ^Xp-^, ka — iVi{x) 0, 
ao, otherwise. 



Obviously w := w satisfies (|4.4p . Let now c be of infinite order. Since 3 is unique 
(when it exists), neither yi occurs as z, so there is the other c S Hj^ such that /3j^(c), 
as a formal expression, is again equal to P(yi, ...,yq). This time c is of finite order 
and hence the definition of w by means of formula ()4.17p is not obstructed. 

(«i2) Let at least two yi lie in 1-1^,1- Then the corresponding relation of ()4.13p in 
{RH,dh) is given by the second equality of (I4.14p . Since for each yi £ Ht,! with 
(3\{yi) = y'i either y'^ e Hk.o or y'^ = z" for z e Hu.q, n>2, there exist c e ■ 
such that /?a(c), as a formal expression, is equal to P{yi, yq). When c is of finite 
order, we can define w entirely analogously as in item (i), i.e., by formula (|4.17p : 
otherwise, for c to be of infinite order, we get an obstruction, i.e., when we have 

(4.18) /3a(c) = P{yii ■■■lUq) — for c — z modulo decomposables. 

Note also that du ^ for u corresponding to this relation by (I4.14[) . 

(iii) Suppose that expression (|4.16p is not formally trivial. Then the corre- 
sponding relation in (RH, dh) is given by the third equality of (|4.14p . Consider two 
subcases. 

(mzi) Let (|4.13p be specified as 

(4.19) P(?;i,..,2/q) = A'6"ca; = with Px{h) = c for 

b e H^^i, c e Hl%, X e Ht^, A' e Z, « > 1. 

In particular j3x(\'h^x) = for A; > n. Since |5"+^| < |5"c| and (|4.19p is chosen 
to be of the smallest degree, we have X'h^'^^x ^ 0. Consider two elements ai for 
i = n + l,n + 2 with /3a (fli) = where 

b\ i is divisible by ^ 
X'b^x, otherwise. 

When a„+2 7^ 0, there is a S H^'^i with I3\{a) = ttn+i or /3a (a) = a„+2 and we set 
vj = uq. When a„+2 = 0, we consider this relation as a particular case of (|4.13p 
and set n7 = u as in item (i) above. 

(zM2) When at least one monomial of (|4.13p differs from that given by (|4.19p . 
we have (3\{P{yi, ...,yq)) = is a desired relation, and then set w — v! where u' is 
resolved from (I4.14p . 

Finally, we say that an odd dimensional element w £Y is associated with (|4.13p 
if 137 is given by one of items above. In particular, tu always exists for 

Hq — or, more generally, for z e Ht- 

Given an even dimensional y G 'H™q with the relation 

(4.20) P(y) = Xyy'" = 0, m>2,\yeZ, 
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it rises to the sequence {j/„ £ V}n>o in {RH, d) 



dy2k+i = J2 y2i+iV2j+i- \V2it---y2i„ 

(4.21) 



i-\-j — k—l \-i^—k 

i,j>0 0<i.i<...<im<k 



dy2k = E fc>0, 

i+j=2k-l 
i,j>0 

where ?/„ is of odd degree for n = 2fc + 1 and is of even degree for n = 2k. In fact a 
straightforward check shows that each y2k, k > 1, can be expressed in terms of yr for 
r < 2fc as y2k = -ya 2/2fc-i mod V (e.g. ?/2 = -yo yi + Xz J2 Vohjo U2 

't+j— n— 1 

2/0)2/0)- Consequently, /i*'~(y2fc) e V. 

Proposition 5. Lei x G T-L^'^ and let {4-20^ he a single relation in iJik with \P\ < \x\. 
Then x ^ Kercr and if there is b G -ffk,i with l3x{b) — x, then also b ^ Kercr. 

Proof. Theoretically there may he yn (z V given by (j4.2ip serving as a source for h 
to kill X or b. Since |x| is odd and \h*^y2k+i\ is even (and h*-'^{y2k) G 2?), xq is not 
A-homologous to zero. When there is & £ H^.i with P\{b) = x, the element bo G Kf^ 
is not A-homologous to zero since (|4.2ip and d^ = prevent bo to be in the target 
of h evaluated on any y2k+i- Q 



Proposition 6. Let x e TL^'^ and let P{yi, ■■■,yq) — be a relation given by ([T^H- 

(i) If\x\ < \P\ or ^.13\ l is specified as ^.20^ to be a single relation with \P\ < \x\, 
then the sequence x — {x{i)}^yQ given by |.^.5[ j for w = xq satisfies J[ )-( [^T^ in 
RH(S)V. 

(ii) Let Tu (z V be associated with the relation P(yi, ...jyq) — 0. 

(mi) If P{yi, ...yq) is of the smallest degree with \x\ < \P\, then the sequence 
X — {a;(z)}j>Q given by i4.5\ ) for w = zu satisfies ^.l^ - (4-M l *^ RH (g) V. 

(M2) Let P'{y'i, ...,y'^,) — and P{yi, ...yq) = be two relations of the smallest 
degree with \x\ < |P'| < \P\ where the first relation is given by 114.18^ . Then the 
sequence x — {a:(i)}j>Q given by |^.5[ ) for w — w satisfies Jp - JT^ in RH ® V . 

{Hi) Let P{yi, ■■■,yq) 7^ ^xX^ for fj, even and Vi{x) = 0, Aa; G Z. Then the pair 
of sequences given by items (i) and (ii) is admissible. 

Proof, (i) First note that when |a;| < |P|, is not A-homologous to zero by the 
degree reason, while apply Proposition [5] for \P\ < \x\; the same argument implies 
that bo is also not A-homologous to zero when (i\{b) = x. Consider two subcases. 

(ia) Let X G Hk.o- In fact we have to verify only (|4.ip . (iai) Assume there is no 
b with /3a (6) = X. Observe that for an odd dimensional a G RH and n > 2, da""'^'^ 
contains a summand component of the form 

(4.22) - rMa-i'^a^i^ k,t>l (with a^^^ = a). 

k+e=n ^ ^ 

By setting v = xq"^^" and V1V2 = — (")xo""^'^Xo""^^, some k,£, we see that the 
hypothesis of Proposition [3] is satisfied and hence xq""^" is not weakly homologous 
to zero. Consequently, [x{n)] ^ as desired. {ia2) Assume there is b with (3\{b) = x. 
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Let p be a prime that divides /i. We have a sequence of relations in (RH, d) 
(4.23) dbn= er,(^^^^y,xo-'^ +en\xo-'^"+^\ b„eV,n>l, 



i+j—n 
i>0;j>l 



where £pfc_i = | and e„ = 1 for n+l^p'',fc>l.In view of (14.23^ and Proposition 
Owe remark that a;o"~'^" may be weak homologous to zero only for \ = jj, = p = n+1. 
In any case consider the element a„ G {RH,dh) given by 



n + 1 



J" + 

i>Oy>l 

Since 6o and xq are not A-homologous to zero, so is 6„ for all n. Obviously d^an G T) 
and by setting a — an and wi • t;2 = £n("- + 1) &n-i • 2:0 , the component of a for 
(*? j) = ("-"11 1): the hypotheses of Proposition 0] are satisfied. Therefore, we get 
ixAa)] in H{RH®V,d^). Obviously [xM] = -£„A[Xi (a;o^^'"+^')]. Thus 
[x{n)\ as desired. 

(ife) Let X G -ffk,i- Then we have to verify only (|4.2p . Since G is not 
A-homologous to zero, the proof easily follows from the analysis of the component 
given by (|4.22p for a = in dxo"'^". 

(ii) When tjj is not A-homologous to zero and either dh'co G or duTU ^ but 

' is also not A-homologous to zero for all j {zj is a variable in dh'!^), 
the proof is analogous to that of subcase (iai) or (ifc) of item (i). Otherwise, we 
observe that zu is again not A-homologous to zero in (mi), while w may be A- 
homologous to zero in (112) only by evaluating h on certain elements Ui € V arising 
from the relation given by ()4.18p the first of which is u = uq as given by (|4.14p : 
since du ^ neither dui is in Vt- And then in the both subcases a straightforward 
check completes the proof. 

(iii) The proof is analogous to that of items The restriction on the 
relation for /i even is in fact explained by Example [1] 

□ 

Remark 4. Let = C*(X;Zp),p > 2. The case of x G Hj,^ with /3{b) = x funda- 
mentally distinguishes the (based) loop and free loop spaces on X with respect to the 
existence of infinite sequence arising from x in H* {Q.X;'Lp) and H*{AX;Zp) respec- 
tively. Namely, let both Vi{x) and (x)^ be multiplicative generators of H* (X;Zp) 
such that Vi{x) G {b,x, the p^^-order Massey product. Then by the hypothe- 

ses of Proposition\^the sequence arising from x in H*{QX;'Zp) may terminate at 
the p^'^- component {see [16^ for p = 3), while is always infinite in H*{AX]Xp). 

5. Proof of Theorem 

The proof of the theorem relies on the two basic propositions below in which the 
condition that requires at least two algebra generators is treated in two specific 
cases. Note also that the essence of the method used in the proof of the following 
proposition is in fact kept for /i to be a prime. 

Proposition 7. Let Ht be a finitely generated k-module with /i > 2. If Ht requires 
at least two algebra generators and Hiq is either trivial or has a single algebra 
generator, then there are two sequences — {xp{i)}^^Q and ~ {yfj,U)}j>o 
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mod fi duj-cocycles in {RH®V^duj) whose degrees form arithmetic progressions and 
the product classes {[tkXfi{i)\ ■ [ikj/p(j)]}j >o o,'"'^ linearly independent in H(RH (S) 
Vt,d^). 

Proof. First, we exhibit two sequences x = {x{i)}^^Q and y' ~ {y'(*)}i>o {RH'^ 
V , duj) consisting of mod fi dtj-eocyeles and satisfying the hypotheses of Proposition 
ini In the case Hq ^ 0, let 3 be a single multiplicative generator of infinite order of 
and z = e i7k,o- 

By the hypotheses of the proposition there is an odd dimensional element x e 
and choose x to be of the smallest degree. Define x = {x(i)}i>o by (|4.5p for w — xq. 

To find the second sequence, note that there must be an even dimensional element 
y G "Hk and hence a relation y^y^^ = in }i\ unless maybe /i is even and x — z with 
V\{x) ^ in which case we have a relation x^''^^ — instead. First, observe the 
following: if there is y G "H.^ with y ^ Kercr and linearly independent with v'^^^ (x) 
for some m, define y' = {y'(j)}i>o by (|4.5p for w — yo; If there is ?; € HJJ'^q linearly 

dependent on v["^\x), while 'P["^~^\x) ^ Kercr, define y' = {y'ij)}j>o by (|4.5|) for 
w given by (j4.1ip in which x is replaced by "P^™ (x) . Otherwise, consider a relation 
P{yi, ...,yq) = of the smallest degree in unless P(yi, y,) = Xxx'^,\x G Z, 
whenever is odd or jj. is even and T'i{x) = 0. When the relation admits to 
associate w as in subsection 14.31 define y' = {y'{j)}j>o by (|4.5p for w = w. When 
the definition of w is obstructed, consider the next relation in H^. This time the 
second relation admits to associate nj (since the above 3 is unique) and hence the 
second sequence y' — {j/'(j)}j>o is defined. 

Finally, the pair of the sequences (x, y') found above is admissible: when the 
existence of the pair involves relation(s) in H'^ (if not, the claim is rather ob- 
vious), it satisfies the hypotheses of Proposition IB] Obtain the associated se- 
quences x^ — {Xfj.{i)}^yQ and y^ — {yfj.{j)}j^Q as in subsection 14.11 The explicit 
product on RH O V allows us to ensure immediately that the product classes 
{[tkXi_,{i)] ■ [tkyp.{j)]}^ j^Q are linearly independent in H{RH (g) %, d^^). □ 

Given a cochain complex {C*,d) over Q, let Sc{T) = E„>o (^imQ C")T" and 
Sh{c){T) = X]„>o('^™Q -^"(^))'^" be the Poincare series. Recall the convention: 
Sn>o '^i'^" — X]n>o ^n^" if Only if a„ < 6„. The following proposition can be 
thought of as a modification of Proposition 3 in [2D] for the non-commutative case. 

Proposition 8. Let {B* , ds) he a dga over Q and let y G B'^, k > 2, be an element 
such that dsy ^ and yb ^ for all b G B. Then 

(5.1) S„^B/yB){T) < (1 + r^-l)5H(B)(T). 

Proof. We have an inclusion of cochain complexes s'^B B induced by the map 
B B, b ^ yb, and, consequently, the short exact sequence of cochain complexes 

— > s^B B — > B/yB — > 0. 

Then the proof of the proposition is entirely analogous to that of [T71 Proposition 
7]. □ 

Proposition 9. Let he a finitely generated Q-module. If H^^ requires at least 
two algebra generators, then the sequence {q(A)} grows unbounded. 
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Proof. Denote {B, ds) = dcj)- We will define two sequences x — {2:(z)}j>Q 

and y — {z/(j)}j>o in B consisting of ds-cocycles in the four cases below. Consider 
two relations of the smallest degree in 

Pi(xi, ...,Xp) = and P2(yi, = 0. 

Suppose that 

(i) All Xi and yj are even dimensional. Obtain ui and U2 from (|4.14p that 
correspond to the above relations, and define x = and y = {yU)}j>o by 
(|4.5p for w — Ui and w — U2 respectively. 

(ii) There are odd dimensional elements Ci and C2 among Xi's and j/j's respec- 
tively Then define x = {xii)}^^^ and y = {y(j)}j>o by 

(5.2) = I0s^i (cri('+i)) 
and 

(5.3) y(j) = l®s-i(c2-^^(^'+i)) 
respectively. 

(iii) There is a single odd dimensional Xi and all yj are even dimensional. Define 
x = {a^(i)}i>Q by (|5.2p . while define y = {y(j)}j>o as in item (i). When all are 
even dimensional and a single yj is odd dimensional, define x = {x{i)}^yQ as in 
item (i), while define y = {yU)}j>o by ([Oil . 

(iv) There is a single odd dimensional Xi and a single odd dimensional j/j equal 
to the same element a e H,^. Then obviously Pi{xi, ...,Xp) admits a representation 
Pi{xi, ...jXp) = a6 for a certain even dimensional element b G H^^. Consequently, 
the corresponding relation in (RHf^,d) given by (I4.14p has the form du = agfoo 
for flQ G V°^* and bo G Denote ai = u and 6i — — ai — oq bo to 
obtain c?6i = —boao- Furthermore, denoting 62 = '^-'i 0,1, there are the induced 
relations in {RH^ , d) : 

da2 = aobi - aiUo, da^ = 0962 - ai^i - a2&o, 

db2 = -fcofli - bibo, dbs = -6oa2 - ^i&i + ^200, 03, ^3 e ^q- 

Thus we have /i(a3 — 63) = (ft,^ + /i'^)(a3 — 63) with ^1^(03 — 63) ~ —60 /i^a2 in 
{RHf^, dh)- Let 60 P'{zi, Zr) and ft-'^(a3 — 63) = P"(zr+i, ^m) for some G 
1 < j < TO, 1 < r < TO. Define a complex (£), d^,) as (D, do) = {B/l^C, do), 
where C C is a subcomplex (additively) generated by the expressions 

{zj , Zj V I w G F^, 1 < j < to}. 

Define x and y in V,^/C as the projections of the elements oq and 03 — 63 under 
the quotient map — >• V^/C* respectively. Then 1 ® a; and I ® y are cocycles 
in (Djdo)- Apply formulas (|5.2p - (|5.3p for (01,02) = {x,y) to obtain the sequences 
X = {x{i)}^^o y = {yij)}j>o ™ ^- Then the product classes {[a;(i)] ■ [y{j)]}ij>o 
are linearly independent in H{D ^do)- Finally, apply Proposition [8] successively 
for y G to obtain Sh(d){T) < Sh{b){T), and then an application of 

Proposition [T] completes the proof. □ 
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5.1. Proof of Theorem [2l In view of Proposition [U the proof reduces to the 
examination of the k-module H{RH ® 14, ^w)- If Ht has a single algebra generator 
a, then the set is bounded since q(j4) = 2 (cf. f6^). If Hy^ requires at least 

two algebra generators, then the proof follows from Proposition [T] and Proposition 
[7] for /I > 2, and from Proposition [9] for /i = 0. 
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